Abstract-A robust closed-form expression of the reflection coefficient concerning the discrete uniaxial finite-difference time-domain/perfectly matched layer (FDTD/PML) for the termination of lossy materials is presented in this paper. The novel formulation introduces an advanced procedure in the optimized derivation of layer conductivities involving medium parameters, spatial or temporal increments, and excitation frequencies. Numerical results indicate that the proposed technique greatly diminishes artificial reflections and therefore achieves a significant accuracy.
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I. INTRODUCTION
T HE perfectly matched layer (PML) [1] has been proven to be a very powerful tool for the truncation of open-boundary radiation problems in finite-difference time-domain (FDTD) simulations [2] . Despite its wide popularity though-either in split-or unsplit-field [3] - [5] form-the precise determination of the layer's conductivity profile (to attain an a priori defined absorption rate) still remains a challenging and critical issue for the scientific community. Several efficient techniques have been so far proposed. Among them [6] and [7] develop a rigorous set of algorithms for the design of improved PMLs, whereas in [8] , the absorber's governing reflection mechanism is thoroughly explored. Finally, in a recent paper [9] , the Berenger's scheme is adequately optimized to yield zero reflection for isolated pairs of frequency and angles of incidence.
Nevertheless, all the previous approaches are solely restricted to nonconducting media and/or polynomial layer conductivities. Especially for PML renditions in the more demanding lossy and dispersive media, where the attenuation parameters are seriously increased, it is very difficult to determine the layer's optimal profile and therefore obtain a specific annihilation. It is the objective of this paper to introduce a new technique for the detailed analysis of the inherent properties that delineate the PML condition when applied to the FDTD method. Established on the Maxwellian unsplit-field construction process, the generalized algorithm postulates a closed-form reflection coefficient that results in a systematic optimization scheme that conducts a notable enhancement of the absorber's overall performance. The theoretical formulation that has been successfully applied to both single-frequency and wideband cases reveals that by a proper selection of the conductivity parameters, the PML absorption features can be freely defined to accomplish maximum optimality without any complicated programming modifications. Numerical verification of the proposed method addresses one-and two-dimensional (1-D and 2-D) lossy material problems as well as three-dimensional (3-D) waveguides in the presence of the inevitably encountered strenuous evanescent waves.
II. ANALYSIS OF THE ONE-CELL UNIAXIAL PML
Let us consider a uniaxial PML (UPML) [4] , [5] realized via scaling dependent and independent variables. Assuming an time-harmonic variation, Maxwell's equations in a nonmagnetic and conducting medium of electric conductivity and are expressed as
where diag is the diagonal "material" tensor, and for . Parameters and provide additional attenuation to both propagating and evanescent waves.
We start our formulation with the 1-D FDTD lattice ( mode) truncated with one-cell PML. The absorber is assumed to be backed by a perfectly electric conductor (PEC) wall and the medium-PML interface is set at . In the case of a lossy material (i.e. , , ), the single-frequency incident and reflected waves are given by
where represents both electric and magnetic fields, and is the numerical wavenumber. It is stressed that total fields are and , whereas electric and magnetic components are staggered by in the Yee's cell. Furthermore, PML conductivities with odd subscripts ( , ) are located at the -nodes and those with even subscripts ( , ) at -nodes, respectively. Hence, the 1-D FDTD-PML -equation at has the form of (4) 0018-9464/03$17.00 © 2003 IEEE Using the PEC wall and , derived from (3), we get (5) in which is the free-space intrinsic impedance, , and , are defined as (6) where is the velocity of light in free space. Thus, the update equations for and at are (7a)
Through similar manipulations, one can obtain (8) where , and . Next, (8) are combined together to yield (9) Analogously, (5) and (9) lead to (10) The magnetic-field time-marching formula, at , is (11) which, after some algebra, becomes
Likewise, at , the -field FDTD counterpart is
Splitting , into incident and reflected waves, expressing the outcomes in terms of , via (3), and cancelling time dependence in (13), gives (14) where , , and . We now introduce the reflection coefficient at as Note that the odd-indexed is multiplied by , whereas the even-indexed one is multiplied by . The value of in (16) is obtained through the FDTD dispersion relation found in [11] (19)
III. SINGLE-FREQUENCY PML DESIGN
The reflection coefficient , appearing in (16), is a function of excitation frequency, material properties, spatial and temporal increments, as well as PML conductivities. Consequently, it can be viewed either as a predictor of the absorber's performance or as a means to design its optimum profile for the specific medium and source spectrum. In order to test the accuracy of (16), we assume a 1-D FDTD grid with m, , for , and constitutive parameters , , and S/m. The domain is truncated by the previously constructed novel one-cell PML. Selecting a value for , it becomes apparent that is a function of four variables ( , , , ): a fact that requires the utilization of a nonlinear optimization technique to find the values of conductivity parameters and minimize . In our case, we have decided to determine these optimum PML attributes for the distinct frequencies of 150 MHz and 800 MHz with the outcomes shown in Table I .
Taking into account the above parameters, a wideband FDTD calculation is subsequently conducted. The reflection coefficient is computed as the ratio of the Fourier-transformed reflected and incident fields, measured in decibels. Fig. 1 depicts its theoretical (16) and simulated values induced by our enhanced PML. It is observed that the prediction is very accurate for all frequencies, whereas for the selected ones, an excellent absorption is achieved.
Whenever single-frequency results are required, the optimum PML can be constructed by solving the following constrained nonlinear minimization problem: subject to (20) by appropriate optimization techniques, such as the Nelder-Mead simplex (direct search) process. In (20), represents the resolution parameter, is an identity matrix, and is a row vector containing the PML conductivities, given by with , for .As a final remark, it is emphasized that and are chosen to be positive in an effort to avoid any serious erroneous instabilities.
IV. WIDEBAND PML DESIGN
Since one of the most important advantages of the FDTD method is its ability to perform wideband modeling, it is obvious that the proposed method must guarantee the design of an optimal PML conductivity profile for a broad range of frequencies. To extend our technique to such simulations, the initial optimization problem is modified as subject to (21) where is selected to be a rectangular window function. For illustration, assume a PML design in the region of [600 MHz, 1 GHz] ( and ) for the termination of a 1-D FDTD domain with S/m. The rest of the parameters are kept identical as in the previous example. Solving the same optimization problem for one-, two-and three-cell PMLs, via the appropriate FDTD simulations, the reflection coefficient is presented in Fig. 2 . The promising performance of our PMLs (up to 80 dB) in the specified frequency range is again easily detected, whereas the agreement with the theoretical values is noteworthy. 
V. NUMERICAL RESULTS
To evaluate the performance of the novel algorithm, we investigate various 2-D and 3-D problems regarding lossy materials and waveguide structures. Let us first focus on 2-D applications. For the significant accelaration of the entire FDTD process, an effective projection formulation is employed. According to this scheme, a 2-D wave-with an incidence angle -can be considered to be equivalent to a 1-D analog traveling with a phase velocity . Recall that is the 2-D wave velocity along the direction perpendicular to the planar wavefront. Being faster in optimizing the PML parameters, the previous notions have been incorporated in the majority of our simulations. Assume now a 2-D TE 100 50 domain with m and S/m. The fields are excited through a single-frequency point source centered at the grid and given by (22) where GHz is the selected input frequency for the proposed optimization procedure. Having determined the appropriate PML conductivities, we study the global error ( norm) of our advanced PMLs and two existing absorbers (the UPML and the GPML [10] ). A reference solution is computed in terms of an enlarged domain and results are shown in Fig. 3 . Apparently, the optimized PML achieves a remarkable annihilation even for a one-cell depth (75% reduction). Next, we set S/m and resolve the above problem. From the global error of Fig. 4 , one can easily realize the significant improvement (almost two orders of magnitude) attained by our technique. Similarly, Fig. 5 gives the local error of (a) a two-cell optimized PML and (b) a three-cell UPML. Notice the considerably lower error values induced by the former layer.
Proceeding to 3-D simulations, we consider an infinite rectangular waveguide with a cross section of 1 cm 0.5 cm. The cubic FDTD lattice has a 0.25-mm spatial increment, whereas the source is a Gaussian pulse (100 GHz bandwidth) imposed ten cells from the PML interface. Furthermore, the absorber's reflection coefficient is computed eight cells after the source plane. To reduce the number of time-steps and restrict any possible fluctuations of the results in the frequency domain, a Blackman window [12] is additionally used. The PMLs, backing the waveguide open ends, are optimized at three frequency bands [a) 20-40 GHz; b) 40-40.1 GHz; c) 35-35.1 GHz] and compared to a polynomial four-cell UPML, as indicated in Fig. 6 . The anticipated development, above the cut-off frequency, is actually very auspicious despite the arbitrary impingement of propagating and evanescent waves on the PML.
VI. CONCLUSIONS
A new mathematically consistent algorithm for the systematic construction of optimal unsplit-field PMLs in lossy media is presented in this paper. The generalized scheme introduces an efficient closed-form expression of the reflection coefficient, which, in its turn, leads to an advanced optimization process. The principal feature of the whole procedure stems from a fully Maxwellian and well-posed theoretical analysis that does not demand any modification of existing PML codes. In this manner, layer conductivities are properly selected to accomplish the desired performance both in single-band and wideband FDTD simulations. Numerical results show that the proposed method exhibits a remarkably high accuracy and attains a drastic reduction of system computational requirements.
